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Problem: Learning a Subspace from Corrupted Data

S
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inliers

outliers •Low relative dimension ( )d/D ≈ 0

•High relative dimension ( ) 
•DPCP [Tsakiris and Vidal 18, Zhu et al. 18]   

 outliers

d/D ≈ 1

M = O(N2)

This paper considers a holistic DPCP approach for  
simultaneously computing the entire basis of  S?

: dimension of  
: ambient dimension

d S
D

Method # of outliers it can tolerate
Outlier Pursuit 
[Xu et al. 10]

REAPER 
[Lerman et al. 15]

CoP 
[Rahmani and Aita, 16]

GGD 
[Maunu et al. 19]

M = O(N)

M = O(N)

M = O(N)

M = O(N)

Recursively finds a new  
basis element  of  b S?

b



Dual Principal Component Pursuit (DPCP): A Holistic Approach

S
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inliers

outliers

noisy inliers

•  Outliers  are drawn uniformly random from 
the unit sphere

O

•  Noisy inliers  

• inliers   ,   Gaussian noise  with std  
• normalize  to unit norm

X + E
X ⊂ S E σ

X + E

• SNR is  E[kXkF ]/E[kEkF ] = 1/�

• Dataset  eX = [X + E , O]

min
B2RD⇥c

��� eX>B
���
1,2

:=
X

j

��ex>
j B

��
2

s.t. B>B = I

: dimension of  
: ambient dimension 

: codimension

d S
D
c = D − d

• [Tsakiris and Vidal 18, Zhu et al. 18, Ding et al. 19] analyzed the problem with  
• [Zhu et al. 19] proposed an algorithm solves the holistic problem with noiseless data

c = 1

the recursive approach 
is inefficient

no landscape analysis 
with noisy data

We provide a landscape analysis and  
extend the algorithm under the noisy setting



Deterministic and Probabilisitic Analysis
min

B2RD⇥c

��� eX>B
���
1,2

:=
X

j

��ex>
j B

��
2

s.t. B>B = I

60

80

100

120

global minimum

no critical point

S
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subspace angle between

 and Span(B) S?

• In the noiseless case, 


          Span(B⇤) = S?

Theorem 1:  is close to :


  

B⇤ S?

sin(✓⇧) . noise level

1� outlier ratio

Theorem 2:  is close to :

        

with high probability if

                .

B⇤ S?

sin(θ⋄) ≲ σ /(1 − σ)

M ≲ N2

• Cf. state-of-the-art: existing 
robust subspace recovery 
method can only handle at 
most  outliers    
in theory

M = O(N)



Projected Riemannian SubGradient Method
min

B2RD⇥c

��� eX>B
���
1,2

:=
X

j

��ex>
j B

��
2

s.t. B>B = I

• Spectral initialization: 

 
• Compute a Riemannian SubGradient: 

 
• Geometrically diminishing step size: 

 
• Update the iterate: 

B0  arg min
B2RD⇥c,B>B=I

��� eX>B
���
2

F

G(Bk) (I�BkB
>
k )

X

j

exjsign(ex>
j Bk)

µk  µ0�
k

bBk+1  Bk � µkG(Bk)

Bk+1  orth( bBk+1)

Theorem 3:  converges linearly to :
Bk S?

dist(Bk,S?) . dist(B0,S?)�k +
p
�

0 20 40 60 80 100
iteration

10-10

10-5

100

(β = 0.6)



Experiments
Phase transition of 


when varying outlier ratio  and noise level 
dist(computed basis, ground-truth basis)

M/(M + N) σ
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0.00
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0.15
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0.50

0.1 0.2 0.3 0.4 0.5 0.6 0.7
0.00
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0.50

DPCP-recursive (79.74s) DPCP-holistic (1.78s)

min
B2RD⇥c

��� eX>B
���
1,2

:=
X

j

��ex>
j B

��
2

s.t. B>B = Imin
b2RD

��� eX>b
���
1

s.t. kbk2 = 1

the lighter  
the better

recursively learns  
one basis element  

at a time


